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Normal and tangent maps to frontals
Goo Ishikawa
∗
Abstract
The notion of frontals in Euclidean space is introduced and the normal and tangent maps
to frontals are defined for the differential geometrical and dynamical studies of frontals.
Moreover we observe that parallels of the tangent map to a frontal is right equivalent to
the tangent map of a parallel to the frontal under some natural conditions.
1 Introduction.
Given a submanifold in Euclidean space, we consider two typical mappings: the normal map
which is ruled by normal spaces along the submanifold, and the tangent map, ruled by tangent
spaces.
Let f : Un →֒ Rn+p be an n-dimensional submanifold in the Euclidean space Rn+p.
Then the normal map Nor(f) : NU → Rn+p from the normal bundle NU of U is defined by
Nor(f)(t, ν) := t+ν, for t ∈ U and ν ∈ NtU , using the affine structure ofR
n+p. Normal maps
naturally appear, for example, in geometric optics and extrinsic differential geometry ([1, 20]).
Their singularities are called caustics or focal set. Singularities of normal maps are regarded
as Lagrangian singularities. They are studied and classified in Lagrangian singularity theory,
by, for instance, the method of generating families ([3, 2, 6]). Moreover singularities of canal
hypersurfaces of submanifolds and parallels of hypersurfaces (resp. curves), for instance, are
studied via the restrictions of normal maps by Legendrian singularity theory as singularities
of wavefronts ([3, 1]). Note that Legendrian singularity theory has wide applications also to
the study of differential equations (see [7] for instance).
The tangent map Tan(f) : TU → Rn+p of f from the tangent bundle TU is defined
by Tan(f)(t, τ) := t + τ, for t ∈ U and τ ∈ TtU . Contrary to normal maps, tangent
maps of submanifolds, which are natural subjects as well, have not necessarily Lagrangian
singularities, and tangent maps have very degenerate singularities even in generic cases. For
example, tangent developables of space curves are parametrized by the tangent map of the
curve and they have rather degenerate singularities [11, 12].
Key words: Legendrian singularities, normal connection, normally flat frontals, Bishop frame, parallels,
tangent surface.
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The purpose of this paper is twofold. First we formulate the normal and tangent maps for
“frontals”, a generalized submanifolds, or immersions with singularities but with well-defined
tangent spaces, giving some basics for differential geometric and dynamical study of frontals.
Second we show a new aspect to provide an inter-relation of “normal and tangent”.
In §2, we define and study locally on normal maps and tangent maps of “frontals”.
Moreover we give a result showing that the parallels of the tangent map to a frontal is right
equivalent to the tangent map of a parallel to the frontal under some natural conditions
(Theorem 2.16). All results of our paper in §2 are proved in §3.
In this paper all manifolds and mappings are assumed to be of class C∞ unless otherwise
stated.
The author would like to thank organizers of DIFF2020 and MOCS2020 for their contin-
uous efforts.
2 Tangent maps to frontals and their parallels
First we introduce the notion of frontals. Let U be any n-dimensional manifold.
Definition 2.1 A map-germ f : (U, a) → Rn+p is called a frontal if there exists a smooth
(= C∞) n-plane field, called a Legendrian lift,
(U, a) ∋ t 7→ f˜(t) ⊂ Tf(t)R
n+p
along f such that f∗(TtU) ⊆ f˜(t).
A Legendrian lift f˜ of f is regarded as an integral lift f˜ : (U, a)→ of f for the canonical
distribution D ⊂ TGr(n, TRn+p) of the Grassmannian bundle over Rn+p: For (x, V ) ∈
Gr(n, TRn+p) with x ∈ Rn+p, V ⊂ TxR
n+p, dim(V ) = n, we set D(x,V ) := π
−1
∗ (V ), where
π∗ : T(x,V )Gr(n, TR
n+p) → TxR
n+p is the differential of the projection π : Gr(n, TRn+p) →
Rn+p, π(x, V ) := x.
A frontal is often written as the pair (f, f˜), if f˜ is a fixed Legendrian lift.
A map f : U → Rn+p is called a frontal if any germ of f at any point a ∈ U is frontal.
Then, given a Legendrian lift f˜ over U , the pull-back bundle f∗(TRn+p) is decomposed
into the sum Tf ⊕Nf of the tangent bundle Tf of rank n and the normal bundle Nf of rank
p of f over U :
Tf,t := f˜(t), Nf,t := T
⊥
f,t, Tf(t)R
n+p = Tf,t ⊕Nf,t.
The condition that f is a frontal, is equivalent to the existence of local orthonormal normal
frame {ν1, . . . , νp}. In other words, being a frontal is equivalent to be locally framable.
Definition 2.2 A map-germ f : (U, a)→ Rn+p is called proper if the singular locus
S(f) := {t ∈ (U, a) | rank(Ttf : TtU → Tf(t)R
n+p) < n}
of f has no interior point nearby a ∈ Rn.
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Remark 2.3 Any Legendrian lift f˜(t) of a frontal f necessarily coincides with Ttf(TtU)
provided t 6∈ S(f). Therefore we have that the Legendrian lift f˜ of a proper frontal-germ is
uniquely determined ([13] Proposition 6.2).
Proposition 2.4 ([14] Lemma 2.3.) Let f : (Rn, 0) → Rn+p be a map-germ. If f is a
frontal-germ, then the Jacobi ideal Jf , that is generated by n-minor determinants of the
Jacobian matrix of f , is a principal ideal, i.e. it is generated by one element.
Conversely, if the Jacobi ideal Jf is a principal ideal and f is proper, then f is a frontal-
germ.
Definition 2.5 The normal map Nor(f) : Nf → R
n+p (resp. the tangent map Tan(f) :
Tf → R
n+p) to a frontal f is defined by (t, ν) 7→ f(t) + ν (resp. (t, τ) 7→ f(t) + τ ).
Then it is naturally expected that the singularity and geometry of the map Nor(f) (resp.
Tan(f)) reflects those of the frontal f .
Let f : (Rn, 0)→ Rn+p be a frontal-germ and Nor(f) : Nf → R
n+p the normal map of f .
If {ν1, . . . , νp} is a local frame of the normal bundle Nf , then the normal map is represented
by Nor(f) : (Rn, 0)×Rp → Rn+p,
Nor(f)(t, u) = f(t) +
∑p
i=1 uiνi(t), t ∈ (R
n, 0), u ∈ Rp.
The right equivalence class of Nor(f) is independent of the choice of {ν1, . . . , νp}.
The normal map has a lift
N˜or(f) : Nf → TR
n+p ∼= T ∗Rn+p,
which is defined by
N˜or(f)(t, ν) = (f(t) + ν; ν∗),
where ν∗ ∈ T ∗f(t)+νR
n+p is defined by ν∗(w) = ν · w, (w ∈ Tf(t)+νR
n+p). Then, for the
canonical symplectic form Ω on TRn+p ∼= T ∗Rn+p, via the Euclidean metric, the pull-back
of Ω by N˜or(f) vanishes, i.e. the normal map lifts a Lagrangian map.
Definition 2.6 Let f : (Rn, 0) → Rn+1 be a frontal hypersurface and ν : (Rn, 0) → Sn a
unit normal field along f . The mappings f+uν : (Rn, 0)→ Rn+1, (u ∈ R) have the common
normal line fields with the original f , and they are called parallel hypersurfaces to f .
Let f : (Rn, 0)→ Rn+p be a frontal, r > 0 and consider a (p− 1)-sphere bundle (Nf )r :=
{(t, ν) ∈ Nf | ‖ν‖ = r} over (R
n, 0), dim(Nf )r = n + p − 1. Then the restriction of the
normal map
Can(f) := Nor(f)|(Nf )r : (Nf )r → R
n+p
to (Nf )r is called a canal hypersurface. It has the Legendrian lift
C˜an(f) : (Nf )r −→ P (TR
n+p) ∼= P (T ∗Rn+p),
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which is defined by C˜an(f)(t, ν) := (f(u), t+ ν; [ν∗]), and the canal hypersurface turns to be
a frontal. In fact Can(f) is regarded as a parallel hypersurface to the frontal hypersurface
F : (Nf )r → R
n+p defined by F (t, ν) := f(t) and the unit normal ν˜ : (Nf )rtoS
n+p−1 defined
by ν˜(t, ν) := 1rν.
Now, let us consider the case p ≥ 2. Let f : (Rn, 0)→ Rn+p be a frontal and {ν1, . . . , νp}
be an orthonormal frame of the normal bundle Nf . Consider the family of maps fu(t) :=
f(t) +
∑p
i=1 uiν1(t) with parameter u. Then all ν1, . . . , νp are normal to all fu if and only if
∂
∂tj
{f(t) +
p∑
i=1
uiνi(t)} · νk =
p∑
i=1
ui
∂
∂tj
νi(t) · νk = 0,
for any 1 ≤ k ≤ p, 1 ≤ j ≤ n. Here · means the inner product on Rn+p. Then we obtain a
natural sufficient condition that ∂∂tj nui ∈ Tf (1 ≤ i ≤ p, 1 ≤ j ≤ n) for that {ν1, . . . , νp} is a
frame of Nfu for any u. From this motivation, we formulate as follows:
Let f : Un → Rn+p be a frontal and f∗(TRn+p) = Tf ⊕ Nf the decomposition into
the tangent bundle and the normal bundle to f associated to a Legendrian lift f˜ of f . For
any vector field η over U and any vector field X : U → TRn+p along f , we denote by
∇fηX the covariant derivative of X by η induced from the Euclidean metric on Rn+p. If
η(t) =
∑n
i=1 ai(t)
∂
∂ti
and X(t) =
∑n+p
j=1 Xj(t)(
∂
∂xj
◦ f), then
∇fηX =
n+p∑
j=1
n∑
i=1
{
ai
∂Xj
∂ti
(
∂
∂xj
◦ f
)
+ aiXj
(
∇f∂
∂ti
∂
∂xj
)}
=
n+p∑
j=1
n∑
i=1
ai
∂Xj
∂ti
(
∂
∂xj
◦ f
)
,
since ∇f∂
∂ti
∂
∂xj
= 0 in the Euclidean case. Note that ∇fηX is a section of f∗(TRn+p), i.e. a
vector field along f .
By the decomposition f∗(TRn+p) = Tf ⊕Nf , we write
∇fηX = ∇
⊤
η X +∇
⊥
η X.
Then ∇⊥ (resp. ∇⊤) defines a connection on the vector bundle Nf (resp. Tf ).
Definition 2.7 The induced connection ∇⊥ on Nf is called the normal connection or Van
der Waerden-Bortolotti connection of the framed frontal f . The connection ∇⊤ on Tf is
called the tangential connection or Levi-Civita connection of f .
We call the frontal f normally flat (resp. tangentially flat) if the normal connection
on Nf (resp. the tangential connection on Tf ) is flat, i.e. there exists an orthonormal
frame {ν1, . . . , νp} of Nf , (resp. {τ1, . . . , τn} of Tf ) such that ∇
⊥
η νi = 0, 1 ≤ i ≤ p (resp.
∇⊤η τj = 0, 1 ≤ j ≤ n), for any vector field η on U .
We call {ν1, . . . , νp} a normally parallel orthonormal frame of Nf or briefly a Bishop frame
of the normally flat frontal (see [5]). We call {ν1, . . . , νp} a tangentially parallel orthonormal
frame of Tf of the tangentially flat frontal.
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Then we will show the followings.
Lemma 2.8 Any frontal hypersurface f : (Rn, 0)→ Rn+1 is normally flat. In fact, any unit
normal is normally parallel.
Lemma 2.9 Any frontal curve f : (R, 0)→ R1+p is normally flat and tangentially flat.
Let f : (R, 0) → R1+p be a frontal curve. An orthonormal frame ν1, . . . , νp of Nf is a
Bishop frame if and only if (νj)u ∈ Tγ , (1 ≤ j ≤ p) ([5]). Then the curves f +
∑p
j=1 sjνj are
called parallel curves to f . They are all frontals and common Bishop frame with f .
Parallels are basic and interesting objects to be studied in the cases of both hypersurfaces
and curves ([6][8][10][18]).
Remark 2.10 Let f : (R, 0) → R1+p be a frontal curve. Let τ(t) be a unit section of Tf
and ν1(t), . . . , νp(t) a normally parallel orthonormal frame of Nf . Then we have the structure
equation of the framed curve (f ; τ, ν1, . . . , νp) given by f
′(t) = µ(t)τ(t) and
(
τ ′(t), ν ′1(t), . . . , ν
′
p(t)
)
=
(
τ(t), ν1(t), . . . , νp(t)
)


0 −κ1(t) · · · −κp(t)
κ1(t) 0 · · · 0
...
...
. . .
...
κp(t) 0 · · · 0


The functions µ, κ1, . . . , κp form a complete system of invariants of frontal curves up to
congruence (cf. [9]).
Remark 2.11 For smooth surfaces in R4, the normal flatness is characterized by the van-
ishing of the normal curvature (see [17] for instance.) Note that the normal curvature play
important role in the study of submanifolds from the view points of singularity theory (see
[19][15]). The notion of normal curvature is naturally generalized to frontals: Let us consider,
for instance, a frontal surface f : (R2, 0) → R4 in R4 with the decomposition Tf ⊕ Nf of
f∗(TR4). Let e1, e2, e3, e4 be an orthonormal frame of of f
∗(TR4) such that e1, e2 (resp.
e3, e4) generate Tf (resp. Nf ). Let {ω1, ω2, ω3, ω4} be the dual frame of {e1, e2, e3, e4}. The
normal connection ∇⊥ determines the connection 1-form ω34 by the equality ∇
⊥
η e3 = ω34(η)e4
for any vector field η over (R2, 0). Then the curvature 2-form Ω34 is defined by Ω34 = dω34
and the normal curvature function N over (R2, 0) of f is defined by Ω34 = −Kω1∧ω2. Then
the frontal is normally flat if and only if K = 0.
Normally flat submanifolds of arbitrary codimensions and dimensions are studied as an
important class in the differential geometry of submanifolds (see [21, 4]). In this paper we
study, as one of possible first steps, the local geometry of normally flat frontals via tangent
and normal maps.
Definition 2.12 Let f : (Rn, 0) → Rn+p be a normally flat frontals, and {ν1, . . . , νp} a
Bishop frame of Nf . Then we define the parallels to normally flat frontal f by
Palν(f) := f(t) + ν(t), ν(t) :=
∑p
i=1 uiνi(u), (u ∈ R
p).
Then the parallels are normally flat and have the same Bishop frame with f .
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Next we turn to tangent maps. Let f : (Rn, 0) → Rn+p be a frontal and Tan(f) : Tf →
Rn+p the tangent map of f (Definition 2.5). If {τ1, . . . , τn} is a local frame of the tangent
bundle Tf , then the tangent map is represented by Tan(f) : (R
n, 0)×Rn → Rn+p,
Tan(f)(t, s) = f(t) +
∑n
i=1 siτi(t), t ∈ (R
n, 0), s ∈ Rn.
The right equivalence class of Tan(f) is independent of the choice of {τ1, . . . , τn}.
Recall that a map-germ is called proper if its singular locus is nowhere dense (Definition
2.2).
Theorem 2.13 (Tangent maps of normally flat frontals are normally flat.) Let n ≤ p and
f : (Rn, 0) → Rn+p be a normally flat frontal. Suppose Tan(f) : (Rn, 0) ×Rn → Rn+p is a
proper frontal of f . Then Tan(f) is a normally flat frontal.
The condition that Tan(f) is a proper frontal is required to guarantee that the Legendrian
lift of Tan(f) is controlled by f in the proof. The author do not know whether the condition
can be weakened.
Example 2.14 Even if f is normally flat frontal, Tan(f) is not necessarily a frontal. For
example, let f : (R, 0)→ R3 be a C∞ curve defined by
f(t) = (x(t), y(t), z(t)) =
{
(exp(−1/t2), 0,−t2) (t ≤ 0),
(0, exp(−1/t2),−t2) (t ≤ 0).
Then f is a frontal curve and Tan(f) : (R2, 0)→ R3 is not a frontal.
x y
z
A frontal curve with the non-frontal tangent surface.
We give here a sufficient condition on a curve to be a frontal. To show it we define, for a
curve f : (R1, 0)→ R1+p, the (n+ p)× k-Wronskian matrix of f by
Wk(f)(t) :=
(
df
dt
(t),
d2f
dt2
(t),
d3f
dt3
(t), · · · ,
dkf
dtk
(t)
)
,
for any positive integer k. Note that the rank of Wk(f)(t) is independent of the choice of
local coordinates of (R1, 0).
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Lemma 2.15 Let f : (R1, 0)→ R1+p be a curve. Suppose Wk(f)(0) at 0 is of rank ≥ 2 for
a sufficiently large k. Then f is a frontal and its tangent map Tan(f) : (R, 0) ×R → R1+p
is frontal.
In this paper we show an inter-relation of “normal and tangent” of a frontal, as the main
theorem of this paper:
Theorem 2.16 (Parallels to a tangent map are tangent maps of parallels.) Let n ≤ p. Let
f : (Rn, 0)→ Rn+p be a normally flat frontal. Suppose Tan(f) : (R2n, 0)→ Rn+p is a proper
frontal. Then any parallel Palν(Tan(f)) of Tan(f) is right equivalent to the tangent map of
a parallel of f for a parallel normal ν ′ of f :
Palν(Tan(f)) = Tan(Palν′(f)).
In particular any parallel to the tangent surface of a space curve is a tangent surface of a
parallel to the curve, provided the tangent surface is proper.
Example 2.17 (Parallels of space frontal curves). Let (f ; τ, ν1, . . . , νp) be a framed frontal
curve in R1+p. Here τ is a unit section of Tf and {ν1, . . . , νp} is an orthonormal frame of Nf .
Let f ′ = µτ, ν ′i = −kiτ, (1 ≤ i ≤ p) for functions µ(t), k1(t), . . . , kp(t). Let ν be a normally
parallel unit normal field along f . Then ν =
∑p
i=1 uiνi for some ui ∈ R with
∑p
i=1 u
2
i = 1.
Consider parallels fu := f + uν of f along ν, (u ∈ R). Then
f ′u(t) = f
′(t) + uν ′(t) = {µ(t)− u(
p∑
i=1
uiki(t))}τ(t) =M(u, t)τ(t),
whereM(u, t) := µ(t)−u(
∑p
i=1 uiki(t)). In general, a curve f : I → R
1+p is said to be of type
(a1, a2, . . . , ap, a1+p) at t0 ∈ I if ai = min{k | rank(Wk(f)(t0)) = i}, i = 1, 2, . . . , p, 1 + p, in
terms of WronskianWk(f) of f . In many cases, singularities of tangent surfaces are described
by types of f ([11, 12]). By Theorem 2.16, singularities of parallels of Tan(f) are described
by tangent maps Tan(fu) of parallels fu of f .
A curve τ : I → R1+p is said to be of primitive type (b1, b2, . . . , bp, b1+p) if bi = min{k |
rank(W˜k(τ)(t0)) = i}, i = 1, 2, . . . , 1 + p, where W˜k(τ)(t) := (τ(t), τ
′(t), . . . , τ (k)(t)), i.e.
Wronskian of the primitive of τ . Suppose τ is of primitive type (b1, b2, . . . , bp, b1+p) at t = t0.
IfM(u, t0) 6= 0, then fu is of type (b1, b2, . . . , bp, b1+p) at t0. IfM(u, t0) = 0,
∂
∂t(u, t0) 6= 0, then
fu is of type (b1+1, b2+1, . . . , bp+1, b1+p+1) at t0. IfM(u, t0) =
∂
∂t(u, t0) = 0,
∂2
∂t2 (u, t0) 6= 0,
then fu is of type (b1 + 2, b2 + 2, . . . , bp + 2, b1+p + 2) at t0, and so on.
The generic classification of singularities in parallels of the tangent surfaces to space
frontal curves will be given in a forthcoming paper.
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3 Proofs of results
First we remark
Lemma 3.1 Let f : (Rn, 0) → Rn+p be a normally flat frontal and ν : (Rn, 0) → TRn+p a
normally parallel vector field over f . Then ν is uniquely determined by the value ν(0) at 0.
The vector space of normally parallel vector fields along f is isomorphic to Rp.
Proof : Let {ν1, . . . , νp} be a normally parallel frame. Write ν =
∑p
i=1 aiνi for some function-
germs ai on (R
n, 0). Take any vector field η over (Rn, 0). Then ∇fην =
∑p
i=1(ηai)νi +∑p
i=1 ai∇
f
ηνi. Since ∇
f
ηνi, 1 ≤ i ≤ p are tangential, we have ∇
⊥
η ν =
∑p
i=1(ηai)νi. Hence ν is
normally parallel if and only if ai(1 ≤ i ≤ p) are all constant. Then ν is uniquely determined
by ν(0) =
∑p
i=1 ai νi(0). ✷
Next we recall
Lemma 3.2 The normal connection ∇⊥ on Nf and the tangential connection ∇
⊤ are metric
preserving:
ξ(ν · µ) = (∇⊥ξ ν) · µ+ ν · (∇
⊥
ξ µ),
ξ(τ · ρ) = (∇⊤ξ τ) · ρ+ τ · (∇
⊤
ξ ρ),
for any ξ ∈ Γ(TU), ν, µ ∈ Γ(Nf ), τ, ρ ∈ Γ(Tf ). Here · means the inner product on R
n+p.
Proof : The first equality is obtained as follows:
ξ(ν · µ) = ∇ξ(ν · µ) = (∇ξν) · µ+ ν · (∇ξµ)
= (∇⊥ξ ν +∇
⊤
ξ ν) · µ+ ν · (∇
⊥
ξ µ+∇
⊤
ξ ν)
= (∇⊥ξ ν) · µ+ ν · (∇
⊥
ξ µ).
The second equation is obtained similarly. ✷
Lemma 2.8 and Lemma 2.9 follow from the following general well-known result:
Lemma 3.3 Let U be an n-dimensional manifold. Let (E, g) be a metric vector bundle of
rank p on U and ∇ a metric-preserving connection on E: ∇ : Γ(E)→ Γ(T ∗U ⊗E). If n = 1
or p = 1, then ∇ is flat, i.e., locally there exists ∇-parallel g-orthogonal frame of E.
Proof : A connection if flat if and only if its curvature form vanishes identically (see [16]
Theorem 9.1 of chapter II, for instance). The curvature form of a metric-preserving connection
is, locally, a skew-symmetric p× p-matrix of 2-forms of n-variables, and therefore it vanishes
identically if n = 1 or p = 1. ✷
Here we give, to make sure, alternative and direct proofs of Lemma 2.8 and Lemma 2.9.
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Proof of Lemma 2.8. Let f : (Rn, 0) → Rn+1 be a frontal hypersurface and ν : (Rn, 0) →
TRn+1 any unit normal field along f . Then ν · ν = 1 implies νui · ν = 0, 1 ≤ i ≤ n. This
means that each νui , (1 ≤ i ≤ n) is tangential. Therefore ν is normally parallel, ∇
⊥ν = 0,
and f is normally flat. ✷
Proof of Lemma 2.9. Let f : (R, 0)→ R1+p be a frontal curve.
First let us show that f is tangentially flat. Let τ : (R, 0) → TR1+p the unit frame of Tf .
Then τ · τ = 1 implies τ ′ · τ = 0. This means that the differential τ ′ is normal. Therefore τ
is tangentially parallel, ∇⊤τ = 0, and f is tangentially flat.
Next we show that f is normally flat. Let f˜ be a Legendrian lift of the frontal f . We may
suppose f˜(0) is generated by the vector t(1, 0, . . . , 0) for a system of Euclidean coordinates.
Let t(1, a1(t), . . . , ap(t)) be a generator of f˜(t) with aj(0) = 0, 1 ≤ j ≤ p. Note that in this
case a unit tangent vector τ is obtained by
τ(t) =
1
1 +
∑p
i=1 a
2
i
t(1, a1(t), . . . , ap(t)).
Let ν : (R, 0)→ TR1+p any normal field along f . We seek the condition that ν is normally
parallel. Set ν(t) = t(b0(t), b1(t), . . . , bp(t)). Then b0 + b1a1 + · · · + bpap = 0. Therefore
ν = b1
t(−a1, 1, 0, . . . , 0, 0) + b2
t(−a2, 0, 1, . . . , 0, 0) + · · ·+ bp
t(−ap, 0, 0, . . . , 0, 1).
The normal field ν is normally parallel if and only if there exists a function λ = λ(t) such
that νt = λ
t(1, a1, . . . , ap). The quality is equivalent to that
(bj)t = λaj (1 ≤ j ≤ p), λ = −
p∑
j=1
(bj)taj −
p∑
j=1
bj(aj)t.
Then, by a straightforward computation, the condition that ν is normally parallel is given
by the linear ordinary differential equation

(b1)t
(b2)t
...
(bp)t

 =


1 + a2
1
a1a2 · · · a1ap
a2a1 1 + a
2
2
· · · a2ap
...
...
. . .
...
apa1 apa2 · · · 1 + a
2
p


−1

a1(a1)t a1(a2)t · · · a1(ap)t
a2(a1)t a2(a2)t · · · a2(ap)t
...
...
. . .
...
ap(a1)t ap(a2)t · · · ap(ap)t




b1
b2
...
bp


on b1(t), . . . , bp(t), with b0 = −b1a1 − · · · − bpap.
Then for any given initial value t(0, µ10, . . . , µp0) ∈ (Nf )0 ⊂ Tf(0)R
1+p, there exists unique
normally parallel section ν of Nf such that ν(0) =
t(0, µ10, . . . , µp0). Since ∇
⊥ preserves the
metric, given any orthonormal basis of (Nf )0, there exists unique normally parallel frame,
i.e. Bishop frame, of Nf with the initial value. In particular, for each i(1 ≤ i ≤ p), let νi be
the normally parallel section of Nf for the initial value µj0 = δij(1 ≤ j ≤ p). Then ν1, . . . , νp
form a normally parallel orthonormal frame of Nf . ✷
To show Theorem 2.13, we prepare
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Lemma 3.4 Let f : (Rn, 0)→ Rn+p be a frontal with n ≤ p. Suppose F = Tan(f) : (Rn, 0)×
Rn → Rn+p is a proper frontal with unique Legendrian lift F˜ : (Rn, 0)×Rn → Gr(n, TRn+p).
Then, we have
(1) Tf (t, 0) ⊂ TF (t, 0) for (t, 0) ∈ (R
n, 0)× {0}.
(2) For each (t, s) ∈ (Rn, 0) × Rn, s 6= 0, the plane field F˜ is constant along the line
(t, λs), λ ∈ R with the direction, via the parallel translation in the affine space Rn+p along
the line, in other words, (tr(0,s))∗F˜ (t, 0) = F˜ (t, s) for any (t, s) ∈ (R
×Rn, (0, 0)), where
tr(0,s) : R
n+p → Rn+p, tr(0,t)(t, s
′) := (t, s′ + s).
Proof : Let τ1(t), . . . , τn(t) be a frame of f˜(t). Set F = Tan(f), which is defined by F (t, s) =
f(t)+
∑n
i=1 siτi(t). Since F is a proper frontal, there exists unique Legendrian lift F˜ , and the
associated decomposition F ∗(TRn+p) = TF⊕NF . The image of differential map F∗(T(t,s)R
2n)
is generated by ∂F∂t1 , . . . ,
∂F
∂tn
, ∂F∂s1 , . . . ,
∂F
∂sn
, Since ∂F∂tj =
∂f
∂tj
+
∑n
i=1 si
∂τi
∂tj
(u), ∂F∂sk = τk, and
∂f
∂tj
∈
〈τ1, . . . , τn〉E(Rn,0) , we have that F∗(T(t,s)R
2n) is generated by
∑n
i=1 si
∂τi
∂t1
(t), . . . ,
∑n
i=1 si
∂τi
∂tn
(t), τ1(t), . . . , τn(t).
By the integrality condition F∗(T(t,s)R
2n) ⊂ F˜ (t, s), we have (1).
On the other hand we have that the singular locus S(F ) of F is invariant of R×-action
(t, s) 7→ (t, λs), (λ ∈ R× = R \ {0} and that S(F ) contains the zero-section (Rn, 0) × {0} ⊂
(Rn, 0)×Rn. Since F is a proper frontal, for almost all (t, s) ∈ (Rn, 0)× (Rn \{0}), we have
F˜ (t, λs) =
〈∑n
i=1 λsi
∂τi
∂t1
(t), . . . ,
∑n
i=1 λsi
∂τi
∂tn
(t), τ1(t), . . . , τn(t)
〉
R
=
〈∑n
i=1 si
∂τi
∂t1
(t), . . . ,
∑n
i=1 si
∂τi
∂tn
(t), τ1(t), . . . , τn(t)
〉
R
,
for any λ ∈ R \ {0}. Thus we see F˜ (t, λs) is independent of λ, and by the continuity of
F˜ is constant on the line {(t, λs) | λ ∈ R} for almost all (t, s) ∈ (Rn, 0) × (Rn \ {0}). By
the continuity of F˜ again, we have that F˜ on the line {(t, λs) | λ ∈ R}, for all (t, s) ∈
(Rn, 0)× (Rn \ {0}). ✷
Proof of Theorem 2.13. Let f : (Rn, 0) → Rn+p be a normally flat frontal. Take an or-
thonormal parallel frame {µ1(t, 0), . . . , µp−n(t, 0)} of NF over R
n × {0}. Then, by Lemma
3.4 (2), {µ1, . . . , µp−n} is regarded an orthonormal frame of NF over R
n × Rn. Then
∇∂/∂tjµi(t, 0) ∈ Tf (t, 0) ⊂ TF (t, 0) by Lemma 3.4 (1). Therefore, by Lemma 3.4 (2) again,
∇∂/∂tjµi(t, s) belongs to TF (t, s). Hence ∇
⊥
∂/∂tj
µi = 0, (1 ≤ i, j ≤ n). Since µi is independent
of s, we have ∇∂/∂kµi = 0 and therefore ∇
⊥
∂/∂k
µi = 0. Thus we have {µ1, . . . , µp−n} is a
Bishop frame along F . This shows F = Tan(f) is normally flat. ✷
Proof of Lemma 2.15. Let a1 = min{k | rank(Wk(f)(0)) = 1} and a2 = min{k | rank(Wk(f)(0)) =
2}. Note that 1 ≤ a1 < a2. Then there exist a C
∞ coordinate t of (R, 0) and an affine coor-
dinates x1, x2, . . . , x1+p such that f is given by
(x1 ◦ f)(t) = t
a1 , (x2 ◦ f)(t) = t
a2 + o(ta2), (xi ◦ f)(t) = o(t
a2) (i = 3, . . . , 1 + p).
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Then we have a tangential field τ(t) for t 6= 0 by setting τ(t) = 1
a1ta1−1
f ′(t), which extends
uniquely to a C∞ tangential field τ : (R, 0)→ R1+p of form
τ(t) = transpose of
(
1, (a2/a1)t
a2−a1 + o(ta2−a1), τ3(t), . . . , τ1+p(t)
)
,
with τi(t) = o(t
a2−a1), (i = 3, . . . , 1 + p). Therefore f is a frontal. Then the tangent map of
f is given by Tan(f)(t, s) = f(t)+ sτ(t). By a simple calculation, we have that the Jacobian
ideal of Tan(f) is principal and, in fact, is generated by sta2−a1−1. Therefore Tan(f) has a
nowhere dense singular locus and turns out to be a frontal by Proposition 2.4. ✷
Proof of Theorem 2.16. Let τ1, . . . , τn be a tangent orthonormal frame of f and set
Tan(f)(t1, . . . , tn, s1, . . . , sn) = f(t1, . . . , tn) +
n∑
i=1
siτi(t1, . . . , tn).
Let T˜an(f) be a Legendrian lift of the frontal Tan(f). Then necessarily we have τi(t) ∈
T˜an(f)(t, s). Then take a tangent orthonormal frame τ1(t), . . . , τn(t), µ1(t, s), . . . , µn(t, s)
of Tan(f) by adding an orthonormal system of vector fields µ1, . . . , µn along Tan(f). Set
m = (n+p)−2n = p−n. Let N0 = T˜an(f)(0, 0)
⊥. Then dim(N0) = m. Take an orthonormal
basis ν01, . . . , ν0m of N0. Then there exists unique orthonormal frame ν1, . . . , νm of the normal
bundle N = T˜an(f)
⊥
of the frontal Tan(f) such that νi(0) = νi0 and νi depends only on t,
1 ≤ i ≤ m. Let ν be any parallel normal vector field along Tan(f). Then ν =
∑m
j=1 sjνj .
The parallel Palν(Tan(f)) is defined as
Palν(Tan(f)) = f(t1, . . . , tn) +
n∑
i=1
siτi(t1, . . . , tn) +
m∑
j=1
sjνj(t1, . . . , tn).
Note that ν1, . . . , νm are normally parallel vector fields along f . Therefore Palν(Tan(f)) is
regarded as the tangent map of Tan(Palν′(f)), which is defined by
Tan(Palν′(f)) = f(t1, . . . , tn) +
m∑
j=1
sjνj(t1, . . . , tn).
✷
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